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Turbulent Flow is Embedded in Many Engineering 
Problems of Interest

Lawrence Livermore National Laboratory

HE Blast Waves

Environmental 
Sciences

Astrophysics

Wind EnergyIndustrial Pool Fires Rocket Propulsion

Scramjet Propulsion Internal Combustion Engine Design  

Turbulence mixes scalars (fuel & oxidizer) and dissipates energy efficiently
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Navier-Stokes: Non-linear Chaotic Dynamics (I) 
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Navier-Stokes: Non-linear Chaotic Dynamics (II) 
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Navier-Stokes: Non-linear Chaotic Dynamics (III) 

• Fourier Analysis and Triadic Interactions
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Navier-Stokes: Non-linear Chaotic Dynamics (III) 

• Coherent Vorticity

Wall-bounded Hairpin Vortices Driven Cavity-BL Vortices
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Rapidly Increasing Scale Range with Reynolds 
Number: N ~ Re9/4
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Large-Eddy Simulation (LES): 
Resolve the large scales, but model the small
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Nonlinear LES Richardson cascade model (1921) 
Dynamic Small-Scale Structure
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Traditional Energy-Transfer Paradigm (1897, 1921)
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One-
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Transfer
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Eddy viscosity: 19th century paradigm

Boussinesq (1897)

“Turbulent friction” 
eddies remove energy,
descriptive not physical

Channel Flow

Von Neumann (1950)

Artificial Viscosity:
damps numerical 

oscillations 

Shock Calculations

Smagorinsky (1963)

Eddy Viscosity: 
removes turbulent energy in 

large eddy simulations

Geophysical Turbulence

Smagorinsky’s modified equation: 

Filtered Navier-Stokes equation:

New “subgrid stress” term:
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True Energy Transfer in Turbulent Flows (1990)Nonlinear LES Richardson cascade model (1921) 
Dynamic Small-Scale Structure
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Actual 
Two-Way 
Transfer
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Multifractals & Turbulence

Horseshoe Mapping

• Created by combined effects of strain and vorticity which 
repeatedly stretch and fold flow back on itself

Passive-Scalar Dissipation

• Gradient-squared quantities exhibit scale-invariant multifractal 
structure at inertial range scales

• Multifractal cascade: a concentration process
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Testing for Multifractal Structure                    

Ratio of measure at 
adjoining scales

Kernel of Multifractal Analysis: 
1-D Multiplier Ratio   
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Multifractal Cascades:

Deterministic I.F.S.

Stochastic I.F.S.

Deterministic I.F.S.
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Repeated application of
function produces 

multifractal field

Stochastic I.F.S.

Multifractals & Iterative Functions
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Testing for Multifractal Structure:   

Data Set: Length = L Scale-invariant multiplier distribution

Multifractal structure confirmed over 
scales where multiplier distribution 

exhibits invariance
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Constructing a Multifractal Field                                 
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Constructing a Multifractal Field                                 
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Constructing a Multifractal Field                                 
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Constructing a Multifractal Field                                 
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Constructing a Multifractal Field                                 
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Constructing a Multifractal Field                                 
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Multifractal Cascades: Summary

Synthetic field statistically identical to original

Recovery of 
Multiplier Ratio

Data

Construction of 
Multifractal Field

Synthetic
Field
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Direct Modeling of Unresolved Scales
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THE END
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